Abstract. It has previously been shown heuristically that the topology of the Universe affects gravity, in the sense that a test particle near a massive object in a multiply connected universe is subject to a topologically induced acceleration that opposes the local attraction to the massive object. It is necessary to check if this effect occurs in a fully relativistic solution of the Einstein equations that has a multiply connected spatial section. A Schwarzschild-like exact solution that is multiply connected in one spatial direction is checked for analytical and numerical consistency with the heuristic result. The T 1 (slab space) heuristic result is found to be relativistically correct. For a fundamental domain size of L, a slow-moving, negligible-mass test particle lying at distance x along the axis from the object of mass M to its nearest multiple image, where GM/c 2 ≪ x ≪ L/2, has a residual acceleration away from the massive object of 4ζ (3
Introduction
The topology of spatial sections of the Universe has been of interest since the foundations of relativistic cosmology (e.g., de Sitter, 1917; Friedmann, 1923 Friedmann, , 1924 Lemaître, 1927; Robertson, 1935) ‡. However, astronomical measurements aimed at determining spatial topology have long suffered a theoretical disadvantage compared to curvature measurements. The latter are tightly related to another type of astronomical measurement (matter-energy density) via a well-established physical theory: general relativity. Some elementary work that might lead to a physical theory of cosmic topology has been carried out, by comparing certain characteristics of different manifolds (Seriu, 1996; Anderson et al., 2004) and by explorations of some elements of topology change in quantum gravity (e.g., Dowker and Surya, 1998) , but these remain very distant from astronomical observations. Thus, most of the empirical work of the past few decades has been carried out with no theoretical constraints, apart from assuming Friedmann-Lemaître-Robertson-Walker (FLRW) cosmological models. For recent empirical analyses of the case for and against a multiply connected positively curved spatial section, in particular the Poincaré dodecahedral space S 3 /I * , see Roukema and Kazimierczak (2011) and references therein. Theoretical developments could offer the possibility of new astronomical tests for cosmic topology.
For perfectly homogeneous solutions of the Einstein equations, i.e. FLRW models, if the sign of the curvature is determined empirically, only the covering space H 3 , R 3 , or S 3 , i.e. an apparent space containing many copies of the fundamental domain, can be inferred. The 3-manifold of comoving space itself, i.e. H 3 /Γ, R 3 /Γ, or S 3 /Γ, respectively, for a fundamental group (holonomy group) Γ, is not implied by the curvature. However, heuristic, Newtonian-like calculations have recently shown that the presence of a single inhomogeneity is enough to, in principle, distinguish different possible spaces of the same fixed curvature (Roukema et al., 2007; Roukema and Różański, 2009 ). The effect is a long-distance, globally induced acceleration term that opposes the local attraction to a massive object. Curiously, the effect, (hereafter, "topological acceleration" §) is much weaker in the Poincaré dodecahedral space than in other spaces, hinting at a theoretical reason for selecting this space independent of the observational reasons published six years earlier. Other calculations of globally induced effects of the spatial topology of a fixed FLRW background include Infeld and Schild (1946) and Bernui et al. (1998) .
Astronomical tests for cosmic topology are almost always based on the fact that photons from a point in comoving space can arrive at the observer by multiple paths (e.g. Roukema, 2002) . In contrast, topological acceleration has the potential to provide tests of galaxy kinematics that could provide experimental constraints on cosmic topology independent of tests based on multiple imaging (of extragalactic objects or of cosmic microwave background temperature fluctuations). However, the calculations of the effect (Roukema et al., 2007; Roukema and Różański, 2009 ) did not use full solutions of the Einstein equations. The FLRW metric is an exact solution of the Einstein equations, but it can only by applied to the real Universe as a heuristic guide, since galaxies (inhomogeneities) exist. When this heuristic guide is used to interpret recent observational constraints, an accelerating scale factor and dark energy are inferred. That is, the latter appear to be artefacts of a heuristic approach (e.g. Célérier et al., 2010; Buchert and Carfora, 2003; Wiegand and Buchert, 2010) . Similarly, since a heuristic, Newtonian-like approach was used to calculate the topological acceleration effect, the latter could, in principle, also be an artefact. Thus, it is important to check whether the effect really exists in the relativistic case of a (3 + 1)-dimensional spacetime with multiply connected spatial sections. Indeed, in reviews of cosmic topology (e.g., Ellis, 1971; Lachièze-Rey and Luminet, 1995; Luminet and Roukema, 1999; Levin, 2002; Rebouças and Gomero, 2004) , the use of the exact (locally homogeneous) FLRW models has generally led to the inference that in a classical general relativistic model, spatially global topology should only constrain the curvature-related parameters of the metric (for methods, see e.g., Uzan et al., 1999; Roukema and Luminet, 1999; . This inference only becomes incorrect when the universe model contains at least one inhomogeneity.
Strictly speaking, from the point of view of differential geometry alone, astronomical tests for cosmic topology based on multiple imaging are degenerate. They do not distinguish a multiply connected space from a simply connected universal cover that happens to be populated by physically distinct objects located at appropriate positions in a perfectly regular tiling.
Similarly, what we refer to here as "topological acceleration" could be interpreted as an effect of a perfectly regular tiling in a simply connected covering space. In this paper, we adopt the Schwarzschildian approach to lifting the degeneracy, "We would be much happier with the view that these repetitions are illusory, that in reality space has peculiar connection properties so that if we leave any one cube through a side, then we immediately reenter it through the opposite side," (transl., Schwarzschild, 1900; Stewart et al., 1998) This is similar to the interpretation of what are normally claimed to be multiple, "gravitationally lensed" images of a single physical object as representing a single object rather than multiple objects that happen to mimic what is expected from a gravitational lensing hypothesis (e.g., Adam et al., 1989) .
Here, we compare the heuristic calculation of Roukema et al. (2007) for T 1 (slab space, i.e. S 1 × R 2 ) to a limiting case of an exact, Schwarzschild-like solution which has a T 1 spatial section outside of the event horizon. This is a simpler 3-manifold than those that seem to be favoured by observations (as stated above, see Roukema and Kazimierczak, 2011 , and references therein), with only one short dimension, and it only contains one massive object. Checking the existence of topological If a spatially closed, timelike path (world-line) were allowed around a non-contractible spatial loop S 1 in a given universe model, then a physical voyage by an observer around the loop would provide an experimental method to overcome this degeneracy.
Event horizon of massive object of mass M (dark line segment) and test particle (dot) in slab space T 1 of fundamental domain length L. In a 3-section of constant coordinate time t, the event horizon of the massive object is spherically symmetric in terms of the metric, but in the Weyl coordinates used here, it is a line segment extending from −M to +M in the x direction, where G = c = 1, and is of zero size in the radial coordinate ρ. The test particle is displaced a small distance from the massive object, i.e. x ≪ L/2, but well outside the event horizon, i.
acceleration in this relativistic case does not guarantee corresponding results in more complicated cases, but it does open the prospect of generalisations. In Sect. 2.1 we list the simplifying assumptions for considering a test particle distant from the event horizon but much closer to the "first" copy of a massive object than to an "adjacent" copy. The metric in Weyl coordinates and related functions (Korotkin and Nicolai, 1994) are given in Sect. 2.2 for an analytical derivation and the numerical method is stated in Sect. 3.2 The analytical and numerical calculations are presented in Sect. 3.1 and Sect. 3.2, respectively, and a conclusion is given in Sect. 4.
Method
For the Newtonian-like calculation, Fig. 3 of Roukema et al. (2007) illustrates the situation of a test particle at distance x from a point object of mass M in T 1 , lying along the spatial geodesic of length L from the massive object to itself. Defining ǫ := x/L gives the topologically induced acceleration (Eq. (7), Roukema et al., 2007) 
when ǫ ≪ 1, adopting G = 1.
Assumptions
A Schwarzschild-like solution of the Einstein equations has an event horizon, but behaviour close to the event horizon (or inside it) is not of interest here. Also, if the topological acceleration effect were to be analysed for its effects on galaxy dynamics, peculiar velocities would typically be of the order of 10 −3 c and very rarely exceed 10 −2 c. As in the earlier derivation of Eq. (1), we consider a test particle lying along the closed spatial geodesic joining the massive object to itself, i.e. having Weyl radial coordinate ρ = 0.
Thus, in addition to adopting the conventions G = c = 1, a (−, +, +, +) metric, Greek spacetime indices 0, 1, 2, 3 and Roman space indices 1, 2, 3, our assumptions become:
where τ is the proper time along the test particle's world line x α (τ ), and t ≡ x 0 . The assumption of a low coordinate velocity implies a low 4-velocity spatial component [Eq. (3)].
Analytical approach
Korotkin and Nicolai (1994) presented a family of multiply connected exact solutions of the Einstein equations that includes a Schwarzschild-like solution with T 1 spatial sections outside of the event horizon. Figure 1 shows this solution in Weyl coordinates x and ρ. Using Weyl coordinates and the Ernst potential, the metric is
from Eq. (9) of Korotkin and Nicolai (1994) , ¶ where k and ω relate to an Ernst potential ε defined on ξ := x + iρ, with
from Eqs (13), (12), (5) and (7) of Korotkin and Nicolai (1994) . + The Ernst potential is real for this solution, so Eq. (9) gives
(10) ¶ In the online version 1 of arXiv:gr-qc/9403029, the time component has an obvious typological error in the sign. + Positive square roots are implied in Eq. (6).
Thus, at ρ = 0, we have ∂ ξ k = 0, i.e. k is a constant along ρ = 0. We choose k(ρ = 0) = 0, since any other value just implies a rescaling of units. Thus, the metric on ρ = 0 is
Defining the tangent vector V by components V α := dx α /dτ , the geodesic equation for the test particle is ∇ V V = 0, i.e.
where Γ 
giving the x 1 coordinate acceleration
Given the conditions in Eqs. (2), (3), and (4) and the Ernst potential expressions in Eqs. (11), (6), (7), and (8), conversion to metric units of x and t would only modify this to second order. In Sect. 3.1, d 2 x/dt 2 is evaluated.
Numerical approach
The Ernst potential expressions [Eqs (6), (7), and (8)] are used for numerical evaluation of Eq. (20) (below) by finite differencing over small intervals. A typical cluster of galaxies has a mass of ∼ 10 14 M ⊙ , i.e. M = 4.78 pc in length units, and the most massive clusters have masses up to about 10 15 M ⊙ .♯ Observational estimates of L are in the range 10 to 20h −1 Gpc (e.g. Roukema and Kazimierczak, 2011 , and references therein). Thus, typical scales of M/L of interest should be M/L ∼ 10 −10 to 10 −8 . Since M/x, M/L, and x/L are small, the use of 53-bit-significand double-precision floatingpoint numbers is replaced by arbitrary precision arithmetic, for 10 −10 < M/L < 10 −8 . These calculations are presented in Sect. 3.2.
Results

Coordinate acceleration
Given that the test particle is far from the "close" copy of the event horizon and from "distant" copies [Eq. (2) 
Since the metric is static (and diagonal), we have
Using Eq. (13), Eq. (15) becomes
Since the metric is diagonal, we have g xx = (g xx ) −1 = e +ω and
i.e.,
Thus, from Eq. (14),
Substituting Eq (7) in Eq. (8a) [corresponding to (12) and (5) of Korotkin and Nicolai (1994) , respectively]
This is the convergent solution found by Korotkin and Nicolai (1994) . Dropping the ρ dependence since we are interested in the ρ = 0 axis, the derivative can be written using Eq. (7)
where the third equality follows from using
Eq. (6)], and the approximation follows from using Eqs (2), (4), and j ≥ 1 in Eq. (6). 
2 as a function of coordinate distance x from the "first" copy of the massive object of mass M , along the spatial geodesic joining the massive object to itself, using Eqs (6), (7), and (8) 3 )x. The vertical line at x = 0.5 shows the halfway point to the "next" copy of the massive object. The vertical lines down to and up to the M = 10 −10 curve show the range over which the linear approximation is valid to within ±10%. Table 1 .
Minimum and maximum distance x for which the 4ζ(3)(M/L 3 ) x approximation is accurate to within 10% (cf. Fig. 2 ). For 0 < M < x ′ , Eq. (6) simplifies to
Again defining ǫ := x/L, we then have
where Eq. (2) is applied in the second and third lines, and ζ(3) is the Riemann zeta function evaluated at an argument of 3, i.e. Apéry's constant. Hence, using Eq. (20),
i.e. the coordinate acceleration is the Newtonian acceleration towards the local copy of the massive object plus an opposing topological acceleration term matching Eq. (1), i.e. the expression derived earlier in Roukema et al. (2007) .
Numerical check
For 10 −10 < M < 10 −8 , L = 1, |j| ≤ 14, and linear offsets of δx = ±10 −13 around each x value, numerically convergent results were found using 100 bits in the significand. Figure 2 and Table 1 show that in this case, the linear approximation for the residual acceleration, 4ζ(3)(M/L
3 ) x, is accurate to within 10% over about three orders of magnitude. Near the halfway point and at x > 0.5, i.e. closer to the "next" image of the massive object than the "local" copy, the residual term defined in relation to the acceleration towards the "local" copy is clearly no longer small-it diverges as the test particle approaches the "next" copy. Thus, for L ∼ 10 to 20h −1 Gpc, the linear expression should be accurate on scales of 3h −1 Mpc < ∼ x < ∼ 2h −1 Gpc in a slab-space universe containing just one cluster of about 10 14 M ⊙ .
Conclusion
The T 1 (slab space) heuristic result is found to exist in the limit of the Schwarzschildlike, exact, slab-space solution of the Einstein equations found by Korotkin and Nicolai (1994) , with the same linear topological acceleration term as for the simpler calculation. For a fundamental domain size of L, a slow-moving [Eq. (3)], low-mass test particle lying at distance x ≪ L/2 along the axis [ρ = 0, Eq. (4)] from the object of positive mass GM/c 2 ≪ x [Eq. (2)] to its nearest multiple image, the additional acceleration away from the massive object is 4ζ( Eq. (25) ]. For a topological acceleration term away from a cluster of ∼ 10 14 M ⊙ and a Universe of size † † L ∼ 10 to 20h −1 Gpc, the linear expression should be accurate over 3h (Fig. 2 , column with M = 3 × 10 −10 in Table 1 ). Thus, at least in a simple example of a multiply connected universe, the topological acceleration effect is not an artefact of Newtonianlike reasoning. The linear term exists as an analytical limit of the relativistic model and as a good numerical approximation to it over several orders of magnitude of x. This qualitatively suggests that the Newtonian-like derivations of the topological acceleration effect for well-proportioned FLRW models (Roukema and Różański, 2009) , in which the Poincaré dodecahedral space is found to be uniquely well-balanced, might also be valid limits of fully relativistic Schwarzschild-like solutions with these spatial sections. Other extensions of the present work within the slab-space solution could include consideration of test particles with high coordinate velocities [violating Eq. (3)], or expanding (FLRW-like) solutions.
Although we have shown that topological acceleration exists theoretically, the effect is clearly weak over the range for which the linear expression is accurate. It is not clear how easy it might be to test the effect observationally. A possible method might follow from considering the effect as a feedback effect from global anisotropy to local anisotropy. Multiply connected FLRW models have usually been thought to be locally isotropic (the metric on a spatial section is isotropic) and globally anisotropic (some global tests differ depending on the chosen spatial direction). Here, we have confirmed that global anisotropy can imply a local acceleration effect. The effect is clearly anisotropic. The integration of this weak effect over a long period of time for individual particle trajectories or collapsing density perturbations might, in principle, give anisotropic long-term statistical behaviour that is strong enough to be detectable. Thus, the global anisotropy of a multiply connected space implies (at least in the case considered here) a weak, locally anisotropic dynamical effect. Whether or not the timeintegrated effect could be strong enough to detect in observations of galaxy kinematics or cosmic web structure is a question worth exploring in future work.
